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Abstract 

This paper discusses the regularity of multiple-valued Dirichlet min- 
imizing maps into the sphere. It shows that even at branched point, as 
long as the normalized energy is small enough, we have the energy decay 
estimate. Combined with the previous work by Chun-Chi Lin, we get our 
first estimate that TL m ~ 2 (singular set) = 0. Furthermore, by looking at 
the tangent map and using dimension reduction argument, we show that 
the singular set is at least of codimension 3. 
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1 Introduction 



The regularity of harmonic maps between Riemannian manifolds has been a 
fascinating subject in recent years. The very first general result on this is 
due to |SU1| . in which they proved that a bounded, energy minimizing map 
u : M n — ► N k is regular (in the interior) except for a closed set S of Hausdorff 
dimension at most n — 3. One important technique they use in the paper is for 
lowering the dimension of S under the condition that certain smooth harmonic 
maps of spheres into N are trivial. This can be checked in some interesting 
cases, for example if N has nonpositive curvature. They showed S = 0, i.e, any 
energy minimizing map into such a manifold is smooth. Use that method, they 
|SU2| are also able to reduce the dimension of S if TV is a sphere. The result is 
as follows: 

Theorem 1.1 ( SU2 , Theorem 2.7). For k > 2, define a number d(k) by 
setting 

d(2) = 2,<2(3) = 3 
k 

d{k) = [min{- + 1, 6}] for k > 4 

where [•] denotes the greatest integer in a number. If n < d(k), then every energy 
minimizing map from a manifold M of dimension n into E k C R fc+1 is smooth in 
the interior of M . If n = d(k) + l, such a map has at most isolated singularities, 
and in general the singular set is a closed set of Hausdorff dimension at most 
n-d(k)-l. 

This same question in liquid crystal configurations setting(n = 3, k = 2) 
has been studied independently by Hardt-Kinderlehrer-Lin using blowing-up 
argument in HKL . 

A few years later, Theorem 1.1 was extended to stable-stationary harmonic 
maps u E H 1 (Q,E> k ), k > 3 by Hong- Wang HW . Stable-stationary harmonic 
maps are harmonic maps with zero domain first variation and nonnegative range 
second variation. Examples of stable-stationary harmonic maps include energy 
minimizing maps. 

In a recent work of Lin- Wang |LW| , they improved the theorems by SU2 , HW 
for 4 < k < 7 as follows: 

Theorem 1.2 (|LW , Theorem 1). Define 

{3 k = 3 
5 5 < k < 9 
6 fc>10. 

For k > 3, let u E H 1 (il,S k ) be a stable- stationary harmonic map, then the 
singular set S of u has Hausdorff dimension at most n — d(k) — 1. 
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We can also talk about the energy minimizing problems in the setting of 
multiple- valued functions (maps) thanks to the monumental work |AF| . After 
Almgren gave suitable definitions of derivative and Sobolev space for multiple- 
valued functions, the question of minimizing energy among functions with the 
prescribed boundary data becomes legitimate. Furthermore, he was able to 
show that any Dirichlet energy minimizing multiple-valued function is regular 
in the interior and has branch point of codimension at least 2. Although the pri- 
mary purpose in |AF| of introducing multiple- valued functions is to approximate 
almost flat mass-minimizing integral currents by graphs of Dirichlet minimizing 
multiple-valued functions, the subject of multiple-valued functions in the sense 
of Almgren turns out to be also interesting in its own. See some recent works 

PTT | . pCT?T | . |C<n5 | . pCTF j . |ZWI| . |ZW2| . |ZW5| . 

In the same spirit of |AF| . Chun-Chi Lin (in |LC1| ) considered the energy mini- 
mizing multiple- valued map into spheres. Specifically, he showed that for points 
not in the branch set Bq, as long as the normalized energy is small, the map 
is regular there (see more of this discussion in section three) . We will continue 
his work by examining the local behavior of points in Bq. The main idea is to 
use the blowing-up analysis at this point. The blowing-up sequence converges 
strongly to a Dirichlet minimizing function which is regular due to |AF| . Hence 
it guarantees the energy of the original map near this point satisfies some growth 
condition. Combining our result with the result in |LC1| . we conclude that the 
minimizing map is regular at any point as long as the normalized energy there 
is small enough thanks to Morrey's growth lemma. This gives us the first m — 2 
estimate. Then, using dimension reduction argument, we get our main result: 

Theorem 1.3. Let u G 3> 2 (Bf (0), C^S"" 1 )) be a strictly defined, Dirichlet 
minimizing map. Then it is Holder continuous away from the boundary except 
for a closed subset S C B™(0) such that dim(S') < m — 3. 

The assumption that we are looking at points in Bq is important in the 
blowing-up process because we need to get suitable constant of the form Q[[b]] 
for some b E § ,l_1 in order for the subtraction between two Q-tuples to make 
sense. 

There are some other interesting questions which are not addressed in this paper, 
and still open to the author's knowledge. A first one is whether our result is 
an optimal one. We are hoping to have some similar results as in |SU2j . |LW| . 
Some new techniques are expected because |SU2j |LW| both use Bochner formula, 
which is no longer available in the multiple-valued functions setting. 
A second one is the regularity for stationary harmonic multiple- valued functions. 
There are already some positive results for this in the two dimensional case, see 

|LTT2"| . 

Another one is the branching behavior. Chun-Chi Lin (in |LClp has done 
some work on this. But there was some problem with that. Basically speaking, 
the monotonicity formula for frequency function he used in his proof actually 
does not necessarily hold for multiple-valued maps. Some new idea is probably 
needed to get around this obstacle. 

It is my great pleasure to thank my thesis advisor Professor Robert Hardt for 
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his support, encouragement and kindness during the years at Rice. A lot of this 
work was stimulated by |HKL| . 



2 Preliminaries 

Most of the notations, definitions and known results about multiple- valued func- 
tions that we need can be found in JZWJJ . The reader is also referred to |AF| for 
more details. We also use standard terminology in geometric measure theory, 
all of which can be found on page 669-671 of the treatise Geometric Measure 
Theory by H. Federer |FH| . 

For reader's convenience, here we state some useful results not included in 
ZW1 . The proofs of them can be found in |AF| . 

Theorem 2.1 (jXF], §2.6). (a) < r Q < oo. 

(b) A C K m is connected, open, and bounded with B™(0) C A. dA is anm—1 
dimensional submanifold ofW n of class 1. 

(c) f : A —> Q is strictly defined and is Dir minimizing. 

(d) D,H,N : (0, ro) — > K are defined for < r < ro by setting 

D(r) = Dir(f;W?(p)) 

H{r)= I e(/(s),Q[[0]]) 2 dH m - 1 x 

J9B™(0) 

N(r) = rD(r)/H(r) provided H(r) > 0. 

(e) AT : A — » M is defined for x 6 A by setting 

N{x) = ]imrDir{f;M?( X ))/ [ G(f(z), Q[[0]]) 2 dW m - x z 

provided this limit exists. 

(f) H(r) > for some < r < rQ. 
Conclusions. 

For C 1 almost all < r < r a , 
Squash Deformation: 

D(r) = [ < £ o f(x), D(£ o f)(x, x/\x\) > dU m ^x 

Jx<£dM™(0) 

Squeeze Deformation: 

r ■ D'{r) = (m - 2)D(r) + 2r / |Z?(^ ° /)(», ar/lxD^dW" 1-1 ! 

Ja;e9B™(0) 

Remark 2.1. ('ij For convenience, we will use df /dr to represent Df(x, x/\x\) 
for any multiple-valued function f whenever the derivative exits. 
(2) Noticing that the squeeze deformation comes from a domain deformation, 
the squeeze deformation formula still holds for multiple- valued maps. 
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(3) We can replace those £o by £ because that in the proof of those formulas, 
the only things we need for £o are that £o(Ax) = ^o{x), for A > 0, 1 6 Q, and 
D(r) = J Bm(Q) \D(Co o f)\ 2 dC m , both of which still hold for f . 

Theorem 2.2 ([S]],§2.9). Corresponding to numbers < s < 00, 1 < K < 

00, and(not necessarily distinct points) qi,- ■ -,gg £ M. n we can find J £ {1, • • 
■,Q},ki,- ■ -,kj £ {1, ■ ■ -,Q}, distinct points pi, - ■ -,p j £ {gi, • • <7gL and 
so < t _• Cso such that 

(1) \pi —pj\ > 2Kr for each 1 < i < j < J, 

(2) GiElMELi HM) < Cso/(Q - if' 2 , 

(3) z £ Q with Giz^tiM}) < so implies a(*,Efc=i H\Pi\}) < r, 

(4) in case J = 1, diam(spt(£% 1 [{q i \})) < Cs /(Q - 1); here 

C = 1 + {{2K)(Q - l) 2 ] 1 + \{2K){Q - iff + ■■■ + [(2K)(Q - iff' 1 . 

Theorem 2.3 ( jAFj . 52.101. Corresponding to 

(a) J£{1,2,--;Q}, 

(b) ki,k 2 , ■ ■ •, kj £ {1, 2, • • •, Q} with k\ + k 2 + ■ ■ ■ + kj = Q, 

(c) distinct points pi,P2, ■ ■ ',PJ € R™, 

(d) < si < s 2 = 2- 1 M{\ Pi -pj\ : 1 < i < j < J}, 
we set 

Q 

P = Qn{53[fe]] : gi, -, q Q £ E" with card{i : q t £ B™ ( Pj )} = k } for each j = 1, J} 
i=i 

Conclusions: 

There is a map $ : Q — * P swc/i </ia< 

(%) $(g) = g whenever q £ Q with G(q,Y,i=i ^ s i> 

(2) $(g) = Z)/=i fc j[[Pj]] whenever q £ Q with G(q,J2i=i MMD > s 2, 

£(g,$(g)) < 5(g,Eti *i[[Pi]]) /° r each q £ Q, 
(4) Lip $ <l + Q 1/2 s 1 /(s 2 ~s 1 ). 

Theorem 2.4 (|A"F]. §2.13). (aj In case m = 2, w 2 .i3 = l/Q. 

(^oj In case m > 3, < eg < 1 is as defined as in \AF\ . §2.11 and < W2.13 < 1 

is defined by the requirement 

m-2 + 2lu 2A3 = (to - 2)(1 + eg)/(l - eg). 

r 2 .i 3 =4 1 - W213 [2 m /V(l-2- W213 )+3-2 m ^ 1+ " 213 ](ma(m))- 1 / 2 L^(C) 2 L^(r 1 )- 

fdj / G 3^2(K m ,Q) is strictly defined and /|B" l (0) is Dir minimizing with 

Dir{f; Bf(0)) > 0. 

ConcZttsions. 

(%) For eacft z G Bf (0), < r < 1 - and < s < 1, 

Dir(f;W? r {z)) < s m - 2+2 ^Dir(f-W?{z)). 
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(2) Whenever 0<5 < 1 andp,q& Wp_ s (0), 

G(MJ(q)) < r 2 . 13 5- m / 2 Dzr(f;MT(0)) 1/2 \p^qr^, 

in particular, f\M™_ s (0) is Holder continuous with exponent ^2.13- 

(3) Corresponding to each bounded open set A such that dA is a compact m—1 
dimensional submanifold ofW n of class 1, there is a constant < V a < 00 with 
the following property. Whenever g G y 2 (A, Q) is Dir minimizing and p,q G A, 

G(g(p), 9(q)) < r A Dir(g; A) 1 ' 2 suv{dist(p, OA)-™' 2 , dist(q, dA)- m / 2 }\p-q\"* ■» . 



3 Some Remarks on [L Clj 

In |LClj . Chun-Chi Lin introduced the set 

B = {x G 87(0) : a Lebesgue point of f,^ 1 o p o AV r , x (f o /) = Q[[b r ]}, 
for any small enough radius r > 0, b r 6 1" and AV r . x (^ o /) = /^m^ £ /}• 
He proved that for a point not in Bq, if the normalized energy of / is small 
enough there, then the energy of / near this point satisfies some growth con- 
dition. The key ingredients are the induction on Q and finding a comparison 
map. In order to use the induction, we need J > 2. This is guaranteed by our 
assumption that the point we are looking at is not in Bq. He did not explain 
that in his paper. Here is the detail: 

If a B , i.e. there is r > 0, such that o p o AV ra (£ o /) ^ Q[[b]] for any 
b G 1™. We may as well just assume that 

r 1 ° P ° AFi, a (C ° /) 7^ Q[[b}} for any 6 G M". 
Now instead of letting q* G Q* be the point in Q* such that 
\q* -AV lta (£of)\ = dist(AF 1>0 (£°/),Q*) 

we let q* = po AVi, (£ o /), and q = X)2=i [[?*]] = With these points 

qi, q2, ■ ■ ■, qQ, 1 < < 00 and constant so to be chosen later, we find J G 
{1, 2, • • •, Q}, ki,k 2 , ■ ■ -,kj G {1, 2, • • •, Q}, distinct points pi, • ■ -,pj G R" as in 
Theorem 2.2. Let q = £/ =1 
If J = 1, from Theorem 2.2 (4) 

Q 

diam(spt(^[fe]])) = diam(spt(r 1 ° P ° AV ll0 (f o /))) 

i=l 

<Cs /(Q-i); 

but we already know that £ _1 o p o AVi^ a {£, f) ^ Q[[b]) for any b G M™, hence 
diam(spt(^2=i[fe]])) i s a fixed positive number. So we can choose sq small 
enough to guarantee that J > 2. 

We also have to show that the rest of the proof in |LC1| is still valid after we 
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choose the different q* . This is because the only place where q* is used in |LU1| 
is to show 

/ \£°f{x)-q*\ 2 <C [ \S,of{x)~AV 1 , a {iof)\ 2 for some constant C. 

J SB™ (a) JdM?(a) 

We still have this because 

•W(a) K / - <?T = / OTr( .) K ° /(*) - P ° AVUH o /)| 2 

= / OTr( „) IP°Co/(^)-P°^l,a(eo/)| 2 < (Lip p) 2 / 9Br( a) le°/(^)-^l ia (Co/)| 2 . 

Another thing that worth mentioning is in the proof of Lemma 4 in |LU1| , more 
precisely (2.12). He was claiming that gj is Holder continuous hence having 
growth condition on the energy. But in fact since his work is only on points 
outside -Bo, and we do not know whether the origin is inside or outside of the set 
-Bo for each gj, the induction seems to be a problem. However, using our result 
on branched points, we can overcome this. Let's look at our result Theorem 7.1 
in advance (notice that our proof does not depend on induction or the result in 
[LClj l , which says that at branched point, 

D(r) < Cr m - 2+UJ213 , 

for some constant C depending on the dimensions and the total energy D(l). 
Now we claim that for each gj in |L(J1| , there exists a positive constant a such 
that 

j 

£> fl (r(l - t Q )) = Yl D 9i (Kl - *<?)) < C{a, m, n, Q, total energy of f)r m - 2+Q . 
i=i 

This is because if the origin is not in the corresponding set Bo of gj, then the 
induction argument gives us the above estimate. Otherwise, our result applies. 
Finally, we modify the end of proof of Lemma 4 in |LC1| as following: (reason 
that the original proof did not work is that by considering two cases, the inte- 
gration did not necessarily work) 
Now we have 

D f (r) < % -Cr™-^ + ^—rD' f (r). 
7 7(m — 1) 1 

Let's denote Df(r) by <j>(r). The original inequality becomes 

(j>(r)' - ^7(m - 1) + 8Cr m - 3+a (m - 1) > 0. 
r 

Multiply both sides by r - 7 ( m - 1 ) ; W e get 
d_ 

dr L ^^ ' 5 — 6m + a 

Hence 



r ) r -7(m-l) + 8C(m - 1) r5 _ 6m+a j ^ Q ^ 



,-y-nm-i) + 8C( m - 1) r ,_ 6m+a ^ + 8C(m 1) ;= 
5 — 6m + a 5 — 6m + ol 
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Df(r) = 0(r) < (M + 8g ( m jj r 5-6m + a )r 7(m-l) 

6to - 5 - a 

= Mr 7 '" 1 " 1 ' + 8<:7 ( TO ~ !) r m-2+a 

6m — 5 — a 

< max(M , 8C(m ~ 1} )r m - 2 +» 
6m — 5 — a 

while the last inequality follows because 7(m — 1) > m — 2 + a. 

4 Maximum Principle for Multiple- Valued Dirich- 
let Minimizing Functions 

Lemma 4.1. Given a positive number M, and e > 0, define the retraction 
function Um as follows 

(x \x\ < M 

n M (x) = l x M otherwise 

Let T = {x : \x\ > M + e}. Then Lip(n M \T) < t/ U - . 
Proof. For x,y G T, 

|n M (x) - n M ( y )| 2 = |n M (x)| 2 + |n M ( y )| 2 - 2 < u M ( x ),u M ( y ) > 

= 2M 2 - 2M 2 <x ' v> 

Hy\ 

M 2 

= ^( 2 NM- 2 <^y>) 

M 2 

<^(N 2 + |y| 2 - 2 <^y>) 

M 2 . l2 M 2 ,, 



□ 



MM' yl - (M + ef 

Definition 4.1. For a Q-valued function f, define 

\f{x)\ := Max{\h{x)\,\h{x)\,- ■ -,\f Q {x)\}, 

where / = £? =1 [[/;]] • 

Theorem 4.1. // / : B™(0) — > Q is strictly defined and Dir minimizing with 
boundary data g : dMf (0) -» Q, w/iere / G >>2(Bf (0), Q), g G 5^2 (5Bf (0), Q), 
then 

sup |/(a:)| < sup \g(x)\. 

a;eB™(0) xG9B™(0) 
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Proof. We may assume that M := snp xe g B m^ \g(x)\ < oo. 

If the statement is not true, i.e. there is a point x € B™(0), such that 

\f(x )\>M. 

Claim: /(a;) = f(x ) for all a; G B™(0). 

Define the set S = {x G B™(0) : f(x) = ,f(x )} 7 which is not empty by the 
assumption. Since / is continuous from Theorem 2.4, S is closed in B™(0). 
Let IIm be the retraction function from R m to B M (0). Consider the new com- 
parison Q- valued function h = (ITm)(( /, which has boundary data g and whose 
energy is no more than that of / because Lip (IIm) < 1- 

Take any point y G S, because of the continuity of /, there is a neighborhood 
U of y in B™(0) such that > M + e, x G U, for some e small enough. 

From Lemma 4.1, we know that Lip(IlM|t/) < ]\J^_ e > hence 

Bir(h-,U) < JL-Vh(f-,U). 

Therefore / must be constant in [/(otherwise, its energy is nonzero. But the 
energy of h in U is strictly smaller than that of /, contradicting to the fact that 
/ is Dir minimizing). So S is also open in B™(0). Therefore, S = B" l (0), which 
is a contradiction to the assumption that /|9B™(0) = g. □ 

5 Hybrid Inequality 

From now on, m > 2 and n > 2. 

Lemma 5.1. If u : B™(0) — > Q(S™ _1 ) is strictly defined and Dir minimizing, 
then for a.e. < r < 1, 



/ llrl 2 ^< / \^tanA 2 dx 



*(0) Ul JdB™(0) 

Proof. For minimizing maps, we still have the squeeze formula: 



*(0) 



r • £>'(r) = (m - 2) ■ £)(r) + 2r • / & 

Jds™(0) or 

Noticing that D'(r) = / OTj?(0) l^l 2 ^™" 1 + / 9B „ (0) IVtan"! 2 ^ -1 . w e have 
2r • dir(/, <9B™(0)) = (m - 2)D(r) + r • £>'(r) 

Therefore, r • D'(r) < 2r • dir(/, 9B™(0)), i.e. D'(r) < 2dir(/, 9B™(0)). 
Writing that in integration form, 

/ |V t an"| 2 +/ &<2/ lVtan-1 2 , 
gives us the desired inequality. □ 
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Theorem 5.1 (Hybrid Inequality). There is a positive constant C, depend- 
ing only on m,n,Q such that if < A < 1, and if u is a Dir-minimizer in 
y 2 (M?(0),Q(S n - 1 )), then 

E 1/2 (u) < XE^ + CX- 1 [ \Cou-Z^\ 2 dx 7 

JB5"(0) 



where E r (u) = r 2 m J B?l(0) \Du\ 2 dx, (ou = f B f (o)(^ ° u ) dx - 
Proof. For an increasing function r\ on [0, 1], 

{*:»/(*) >8[r?(l)-r?(0)]} 
has Lebesgue measure < 1/8. In particular, there is an r E [1/2,1] such that 

u\dBF(o)edy 2 (dm?(o),Q(s n - 1 )), 



I iVtan^l 2 ^™- 1 < 8 / \Du\ 2 dH m , 

JdM™(0) JB™(0) 

f \iou~^i\ 2 d'H m - 1 < 8 f \iou-T^\ 2 dn m . 



Ho) Jm™(o) 

Weclaimthat there exists a map to G y 2 (B™(0), Q(§™ -1 )) such that w|<9B™(0) 
u|<9B™(0) and 



/ \Dw\ 2 dx<K(f iVtanul 2 ^" 1 - 1 ) 1 / 2 !/ |£o U -£ ul 2 ^™" 1 ) 1 / 2 

./B™(0) J9B™(0) JdB?(0) 



for some universal constant K . This is because, we choose h : B™(0) — ► Q such 
that h\dB™(0) = u\dB™(0) and h is Dir-minimizing. 



/ \Dh\ 2 =[ < £ oh(x),D(£ oh){x,^-) > dU m - x 

= f < £ o h{x) - D((, o h)(x, ] ^ T ) > dH™- 1 

<[/ \^oh(x)-l^\ 2 dn m - 1 } 1 / 2 [[ ^dn™- 1 ] 1 ' 2 

= [[ \^ou{x)-l^i\ 2 dH m - 1 ] 1 ' 2 [[ I^W" 1 ] 1 ' 2 

JdM™(0) ^3B™(0) &r 

By Lemma 5.1, we have 



/ lS 2 </ iVtan^l 2 -/ |V t an«| 2 

•/ 9Bjf(0) or Ja»™(0) ^0B™(0) 

Therefore 

/ \Dh\ 2 <[( \dou-^\ 2 dn m - l ] l / 2 [[ iVta^lW 1 - 1 ] 172 
Jb™(o) JaB™(o) JaB™(o) 
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Unfortunately, the image of h may not lie in Q(S n 1 ). To correct this, we 
consider, for a 6 B™ 2 (0), the projection 

IT Q (x) = (x - a)/\x - a\, 

and note that by Sard's Theorem, the composition (n a )jo/i e y 2 (B™(0), ^(S"- 1 )) 
for almost all a. 

Using Fubini's Theorem, we estimate 

f f |D((n„)| t oft)(a;)| 2 dirda 

<4 f \Dh(x)\ 2 [ (g(h(x),Q[[a}]))- 2 dadx 
JM™(0) Jb™ /2 (o) 

Now we claim that j Rm ^ (Q(h(x), Q{{a]]))~ 2 da < if for some universal constant 
K independent of x. 

Let h{x) = E?=ilMx)]}, then (g(h(x), Q[[a}])) 2 = ^?=i IM*) - a\ 2 . Hence 

(g(h(x),Q[[a}}))- 2 < \hi{x)-a\- 2 , for any i 
Applying Theorem 4.1 to the function h, and noticing that 
h\8B?(0) e ^(^(OJ.QCS"- 1 )), 

we get 

I Ma) | < 1) f OT an y h an Y ^ G B™(0) 

Therefore 

/ (g(h(x),Q[[a]]))- 2 da < [ \hi{x) - a\~ 2 da 
•V /2 (o) jR T/2 (°) 

= / |y| _2 rfy, by changing of variable a = M x ) + 2/ 

Jm™(-hi 



T /2 (-hi(x)) 

< I \y\~ 2 dy < oo. 



/ 



Hence J B - (o) Jb-(o) (^((n^tt ° fr)(a)| 2 cfa;da < #J* B „, (0) |L>h(V)| 2 cZx for some 
constant if. We may choose a £ B™ 2 (0) such that / B m( ) -D((n a )f|o/i)(x)| 2 <ix < 
if / B m( ) |-D/i( x )| 2 ^ x - Letting u> = [(n a |S™ _1 ) _1 ]tj o (n a )j o h, we conclude that 
w\dW r n (0) = u|<9B™(0), and that 

/ |^ W (a:)| 2 dx< [Lip^lS"- 1 )- 1 ] 2 f \D((Ua) i0 h)\ 2 dx 
<K I \Dh\ 2 dx 
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Now back to our desired result, 





[ \Du\ 2 dx 






< 2 m ~ 2 [ 


\Du\ 2 dx 




(0) 


< 2 m ~ 2 [ 


\Dw\ 2 dx 




(0) 




/ |V ta n«| 2 c 




91™ (0) 



/8B™(0) 



Applying the inequality a6 < ^<5a 2 + 1 6 2 , with <5 = gr^y ' we nave 



#i/a(«) < 2" l - 2 K(i<5 / |V tanU | 2 + V 1 / |f o u - £ o u| 

1 J9B™(0) z ./dB™(0) 

<2 m - 2 K(45 [ \Du\ 2 + 4<T 1 [ \^ou-^~u\ 2 ) 
JB™(0) Jb™(o) 

i/ \Du\ 2 + 2 m K5- 1 [ |fo U -f^I| 2 



= \E 1 (u) + C\- 1 \£ou~£o U \ 2 , 

JV? (0) 

where C = (2 m K) 2 . □ 

6 Energy Improvement 

6.1 A Poincare-Type Theorem 
Definition 6.1. 

mo 

fn^~p P < m 

P* = i any real number € [1, oo) p = m 
) p > m 

Theorem 6.1 f [ZW] . Theorem 4.4.6). Let ft C M m 6e a bounded Lipschitz 
domain and suppose u £ W ,p (ft), 1 < p < oo. Lei 

c(u) = / u^™- 1 
Jan 

TTien i/iere is a constant C = C(m,p, ft), smc/i i/iai 

( / u — c(w) | p *cte) 1/p * <C{ \Du\ p dx) 1/p . 
Jq Jn 
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Corollary 6.1. Let L be a real positive number such that TL m 1 (dW£(Q)) = 1. 
Suppose u <E W 1 ' 2 (M 1 £(0)), and let 

c{u) = [ nam™- 1 = / udH" 1 - 1 

Then there is a constant C = C(m) such that 

[ \u-c{u)\ 2 dx <C [ \Du\ 2 dx. 

Proof. Case 1. to > 2: 

By Holder inequality, with parameters m/(m — 2) and to/2 

r f ox m f m 

/ \u - c{u)\ 2 dx < ( / |u - c(u)\ W^2 d xY m - 2 ^ m ( / l^dx) 2/m 

= (£ m (B£(0))) 2/m ( [ \u- c{u)f ' dx) {m - 2 ^ m 

< (£ m (B2 l (0))) 2/m [C( f \Du\ 2 dx)^ 2 ] 2 " x{m - 2 ^ m 

= C [ \Du\ 2 dx 

Case 2. m = 2: 

We just choose 2* to be 2 in Theorem 6.1. □ 

6.2 Blowing-up Sequence 
Definition 6.2. 

f={«e y 2 (Bl" (0); Q^"- 1 )), VO < r < 1, r 1 o p o A7 r ,oK ° «) = OHM], 

13 f 

b r 6K",-< \b r \ < -, where AV rfi {(, ° u) = f £ o u} 
2 2 Jdm™(o) 

Theorem 6.2 (Energy Improvement). There are positive constants e and 
< 8 < -ry such that if u is a Dir minimizer in J 7 2(B™(0), Q(§ n ^ 1 )), u £ T, 
E x {u) < e 2 , then Eg(u) < O^^E^u). 

Proof. Were the theorem false, there would be, for each < 9 < 1/2, a sequence 
Ui G JF,e 2 = E 1 (u i ) -> 0, but 

Ej(ui) > ^ 213 e 2 - 

Let II be the projection onto the unit sphere in W 1 , i.e. H(x) = -py. It is easy to 

\X\ 

check that when we restrict our attention to the set U e — {x : 1 — e < \x\ < 1+e}, 
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the Lipschitz constant of II is no more than 1/(1 — e). 
Define 

n s o e- 1 o P o av l ,o(S ° = QWHl 

where L is defined in Corollary 6.1. 
Consider the following blowing-up sequence 

Ui - Q[[h}] 



The energy of each one is one by the definition of . As for their L 2 norms, we 
estimate as follows: 



Gfa QWi) = |n,of 1 o /) o(o lll -n < of 1 opo/ £ ° MW m ~ 

JdM™{0) 

< (Li P n|c/ 1/2 )(Li P r 1 )(LiP/o)IC o «i - / £ ° u l( m m - 

< 2(Li P r 1 )(Lipp)|£ o Ui - / £ o udU" 1 -^ 

JdMf(0) 

From Corollary 6.1, we have 

/ G(u u Q[[bi]]) 2 dx < C [ Ifotii-/ £°MW ro "T^ 
Jb?(o) Jb™(o) Jas-(o) 

MO) 



< C [ \D(£o Ui )\ 2 dx 



<C \D Ul \ 2 dx 

JB™(0) 

Hence the L 2 -norm of the blowing-up sequence in B™(0) is uniformly bounded. 
(Technically, we should therefore from now on, focus on B™(0) instead of B™(0). 
But since the regularity is only a local property, we may just stick to B™(0) for 
convenience.) 

We use Compactness Theorem 4.2 in |ZWlj to get a subsequence(for conve- 
nience, whenever we have to take a subsequence, we do not change the notation) 
such that 

Ui ~ Q[[bj]] , . 
Wi := w weakly m J/2 

Wi w strongly in L 

I \Dw\ 2 < liminf / \Dwi\ 2 = l, 

Jb™(0) fc ~ > °° JB™(0) 

for some w 6 ^(ir(0),Q). 
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6.3 Blowing-up the Constraint 

Since S™" 1 is compact, we may assume that 6, — > 6 G 

Let = X}j=i ^i(x) = X^jLi Wj*\x). By definition we have 

(*) u 

hence 

u j Oi (i) 

= 1- to • ; . 

Take the norm of both sides, 

er a = er a + |t»S i a + 7<M > 

Hence 

- i (*) ^ e * I (*) 12 
< >= - — \w) J \ z . 

Let i go to infinity, we know to e 3^2 OB]™ (0), Q(P)) for some n — 1 dimensional 
plane P passing through the origin and perpendicular to b. 

6.4 Strong Convergence and Minimality 

Now we want to show that w is Dir minimizing in 3M®i™(0)> Q(P)) and the 
convergence of Wi in y 2 is actually strong. 

Let M™(y) C Bf(0), and let 5 > 0, 6 G (0,1) be given. Choose any M G 
{1, 2, • • •} such that 



limsuppo 2 -" 1 / |L>(tii/ei)| 2 < M<5 



and note that if e G (0, (1 — 9)/M), we must have some integer I G {1, 2, • • •, M} 
such that 



Pq m \D(ui/ei)\ 2 < S for infinitely many i 

• / B" (e+I . ) (»)\B™ (9+(1 _ 1)e) (») 



This is because that otherwise we get that p\~ m /„„ (b) |D(«i/ei)| 2 > M<5 for all 



sufficiently large t by summation over Z, contrary to the definition of M . Thus 
choosing such an /, letting p = po(9 + (I — l)e), and noting that p(l + e) < 
po(0 + le) < po, we get p G [6po,po) such that 

Pq - ™ / \D(ui/ei)\ 2 < 5 for some subsequence Mj. 

•%i +e) (s/)\ B ?%) 

By weak convergence, we have 

pg- m / \D(w + MM)|2 < 5 for some subsequence. 

^B™ (1+e) (w)\B»(») ei 
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We can not use the Luckhaus-type Theorem 3.2 in |ZWlj now, because €iW + 
Q[[bi]] Q(§" _1 ). But we can use the technique "(rialS"" 1 )- 1 o as we did 
in proving the hybrid inequality to get a map denoted as 

(HOI o ( €i w + Q[[bi}}) e y 2 (B?(0),Q(S n - 1 )) 

such that 

p 2 " m / \D((ni) $ o ( ei w + Q[N]))| 2 < some constant • 5 

Now by Corollary 3.1(2) in [ZWT) . since / (y) (II i )||o(e i u;+Q[[6 i ]])) 2 0, 
for sufficiently large i, we can find e S ? 2(B^ 1+£) (?/)\B™(y); ^(S™^ 1 )) such 
that v.i = (Ilj)j) o (cjio + Q[[£>i]]) in a neighborhood of dU™(y), v t = u, in a 
neighborhood of 9M™, 1+e Jy) and 

P 2 - m I \D Vl \ 2 < 

c P 2 - m I (^((rLOjo^ + QIMDI 2 

, , n „ |2 , gMM!^lll)! i 

where C depends only onm,n,Q. 

Now let v G y 2 (Bep (y)' such that " = ™ in a neighborhood of dW£ pa (y). 

Define 

B = (II i ) ) ,o( CiW + Q[[6 i ]])mB^ (y) 
5 = CH*)j| o M + Q[[h]]) in B"(y)\B™ o (y). 
Let tt, be defined by 

Uj = t;in B™(y), 

Ui = Vi inB™ +e)p (y)\B™(y), 
u i = Ui inB^ o (j/)\B^ +e)p (y). 
By the minimizing property of itj , we have 

|Dui| 2 < / \Du t \ 2 

\Di\ 2 + I Dr 
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Therefore 

\D Ui 



p 2 -" 1 [ \Dw\ 2 < liminf p 2 "" 1 f 



Dv\ 2 2-m f \DvA 2 



< liminfp 2 -" 1 / J— J- + liminf p 2 "™ , — - 
<p 2 - m f \Dv\ 2 +p 2 - m [ \Dw\ 2 + CS 

Since S was arbitrary, we have 



p 2 - m f \Dw\ 2 < p 2 - m f \Dv\ 



Therefore, w is minimizing on M™ po (y), and in view of the arbitrariness of 9 and 
po, this shows that 10 is minimizing on all balls Bf (y) with Bf (y) C Bf (0). 
Finally to prove that the convergence is strong we note that if we use v = was 
above, we can conclude 



liminf p 2 ~ m [ < p 2 - m [ \Dw\ 2 + C5 



|2 

>(„) e- Jn?(vj 
and hence, in view of the arbitrariness of 9 and 5, 



p 2 - m liminf / < p 2 - m f \Dw\ 

»-<» JB-fe) e 4 y B ™(v) 



for each pi < p . Evidently it follows from this (keeping in mind the arbitrariness 
of po) that 



liminf f \E^l < f \ Dw f 



for every ball Bf (y) such that Bf (?/) C Bf (0). Then since 

/ \D( Ui /ei)-Dw\ 2 = f \Dw\ 2 + f \D( Ui /ei)\ 2 -2 f DwD(u t /e t ), 

we can evidently select a subsequence which converges strongly to Dw on Bf (y) . 
Since this holds for arbitrary Bf (y) C Bf (0), it is then easy to see(by covering 
Bf (0) by a countable collection of balls B™(%) with B™(%) C Bf (0)) that 
there is a subsequence such that D(ui/ei) converges strongly locally in all of 
Bf (0). 
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6.5 Proof of Energy Improvement 

Let's estimate f Mm ^ |£ ° Ui — £ Ui\ 2 dx,where ^ou ; = J B m( ) £ ° 

+ £ o iti — £ o Ui\ 2 dx < Cr 2 ~ m / o 1 2 dx (by Poincare inequality) 

Jb™(o) Jm™(o) 

= Cr 2 - m [ \Du t \ 2 dx 
Jb™(o) 

= Cr 2 - m e 2 f {D^/e^dx 
JB™(0) 

= Cr 2 - m e 2 f \D Wl \ 2 dx 

We have already proved that Dwi converges strongly to Dw in y 2 , hence 

/ |£ o u t - l^u~\ 2 dx < Cr 2 - m ej f \Dw\ 2 dx. 
JB™(0) Jb™(o) 

We also have proved the Dir minimality of w, hence by Theorem 2.4 
/ \£oui- l^\ 2 dx < Cr 2 - m e 2 r m - 2+2 ^ = Cr 2 " 21 ^ 2 . 

Applying the Hybrid Inequality to m(26x), we get 

E 1/2 { Ui {26x)) < XEiiu^dxjj+CX- 1 [ \£ o Ui (29x) - | o Ul {26x)\ 2 dx 

JB™(0) 

which can be simplified to 

Ee(ui) < \E 2g (u l ) + C\- 1 f ^o Ul -^o Ul \ 2 dx 

Jb™(o) 

<\E 2 g(u l ) + CX- 1 -(29) 2 ^e 2 

Choosing the positive integer k = k{9) for which 1/2 < 2 k 9 < 1, we iterate k— 1 
more times to obtain 

£*K) < A fe £ 2fce (^) + V A^CA" 1 / 1^ o - £^~| 2 
< A fc (l/2) 2 - m e? + ^A J - 1 CA- 1 C(2^) 2aJ213 e 4 2 



i=i 



< A fe • 2 m ~ 2 e 2 + ^(A • 2 2w2 - 13 )-'CA- 2 2aJ2 - 13 e 2 

i=i 

< [A fe • 2™- 2 + A ' 2 CA- 2 g 2 " 213 ]e 2 

^ — A • 2 213 
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m + a>2.i3 

Take A = 9 k~ , we have \ k ■ 2 m ~ 2 = e m+ " 213 • 2 m ~ 2 = 6 rn ■ 2 m ~ 2 • W213 < 
(l/2) m • 2 m ~ 2 6 ul213 < 9 UJ213 /4 

rn + UJ2A3 m + LO2.13 

Since \ = 9 k < (2- k ) k = 2~( m +" 2 ™\ 

\ 9 2w 2.i3 2 2u2 - 13 f 171 + ^2 13 

5 C\~ 2 6 2uJ2 13 < 6 ~ k 2w213 

I — \ . 2 213 ~ 1 — 2 UJ213 ~ m 

m + UJ2A3 

= K9 2 13 Je 6" 213 
U2 m + ^2.13 

Let's choose 9 small enough such that 9 2 13 k~ < 1/4 A". This is possi- 
ble because it is equivalent to 

m + ^2.13 

Noting that 9 > 2~ 1 ~ fe , the right side of above one is greater than 

2-(fc+l)(m+w 2 .i3)/fc /4/f 

which is bounded from below although when 9 goes to zero, k goes to infinity. 
Thus for i sufficiently large enough, we have 

Ee(ui) < (ir 213 + Jr 213 )e 2 < 6^ 213 e 2 , 
contradicting the choice of Uj. □ 



7 Energy Decay 

Theorem 7.1 (Energy decay). If u e J 7 is Dir minimizing, M R (0) C B™(0), 
and i? 2 ~ m J BS(0) |L»u| 2 < e 2 , tfien 

/ |L>m| 2 < 2 - m -^2.i3 i? -^2.i3 e 2 r m-2+ W2 . 13; f or o< r < R 

where e and 9 are as in the Energy Improvement. 

Proof. Let u B i R = u(9 l Rx), i = 0, 1, • • -. It is easy to check 

E 1 {u 6 h r ) = (9 k R) 2 - m Dtr(u,M™ kR (0)) = E e (u e u-, R ) 
Claim: £9(1^) < (T 2 13 e 2 . 

This is because u« G ^,and E\{u R ) = R 2 ~ m Dir(u, M R (0)) < e 2 by our assump- 
tion. Hence we can use the energy improvement to the function u R to get that. 
Claim: E e (u eR ) < 9 2 " 2 13 e 2 . 
Obviously, ug R e J 7 , moreover, 

E^uor) = E g (u R ) < 9^ 3 E 1 (u R ) < r 213 e 2 < e 2 . 
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Hence using the energy improvement to function ug R , we get 

Eo(ue R ) < e^E x {ue R ) < 9 2 ^e 2 . 
Continuing the process, we get 

Bl(Ufl» fl ) = Eg( Ugk -i R ) < e^E^UgK-tn) = 9^Eg(ug k -2 R ) 

< 9 2U213 E-L(ug k -2 R ) ■ ■■ = 9 kuJ213 e 2 , 

for k = 1,2,3, •• •. 

Given < r < R, choose k such that 9 k+1 R < r < 9 k R. 

r 2 -" 1 [ \Du\ 2 < {9 k+1 R) 2 - m [ \Du\ 2 

= 9 2 - m {9 k Rf- m I \Du\ 2 
= 9 2 - m E 1 (u ekR ) 

_ Q%— m-0)2.13^(fc+l)W2.13 £ 2 

< e 2 - m - U213 {r/RY 213 e 2 

□ 

8 H m ~ 2 (singular set) = 

Theorem 8.1. Let u e y 2 (^(0),Q(§ n - 1 )) be a strictly defined, Dirichlet 
minimizing map. Then it is Holder continuous away from the boundary except 
for a closed subset S C 17(0) such that W m ~ 2 (S) = 0. 

Proof. Let 

S={xE Br(0),limsupp 2 - m f \Du\ 2 > 0}. 

Obviously, S is closed and H m ~ 2 (S) = (see for example Lemma 2.1.1 in |LY| ). 
Let's look at a point a € B™(0) ~ S. We may assume a — 0. 
Let e be the constant in the Energy Improvement, and k — k(Q,m,n) be the 
constant in the "small energy regularity" theorem in |LC1| . Since ^ S, there 
is R > such that B§Jj(0) C lf(0) ~ 5 and 

i? 2 ~ m / \Du\ 2 < min{e 2 ,A:}. 
Jb? r (0) 

For any 6 6 B#(0), 

i? 2 -" 1 / |Ou| 2 < R 2 - m f \Du\ 2 < min{e 2 , k}. 
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We have two possibilities: 

Case 1: b £ Bo. By the "small energy regularity" theorem in |LC1| . we have 
\Du\ 2 < some constant • r m ~ 2+p , < r < R 

B™(b) 

where (3 is the constant given in |LC1| . 
Case 2: b G Bq. From Energy Decay we have 

\Du\ 2 < 6» 2 - m - W21 3 j R-^.l3 e 2 r m-2+ W2 . 13j0 < r < R 

™(b) 

Therefore u € C°' m[n ^ 2la '^/ 2 [M^(0)} by Morrey's growth lemma. □ 

9 Dimension Reduction 
9.1 Monotonicity Formula 

Suppose u : B™(0) — ► c Q(K") is Dir minimizing, although £ou is not 

necessarily harmonic, we still have the following results: 
Consider the domain variation 

u s (x) =u(x + s((x)), where C= (CV^C™), with ? € Cf (BJ»(0)). 
We should have 

-Hs=o Energy of £ o u s = 0. 
as 



If we let / = £ o it, it is easy to check as in |SL) . §2.2 

^Bf(O) iJ=1 

Theorem 9.1 (Monotonicity Formula). If u : Bf(0) -> C^S"" 1 ) C Q(R n ) 
is Z)«r minimizing, then 

p 2 ~ m [ \Du\ 2 -a 2 - m f \Du\ 2 = 2[ R 2 - m \^\ 2 

JM™(x) "/B™(x) •'B™(x)\B™(x) 

/or any < cr < p < po, provided B™ (x) C B" l (0), where R= \y — x\ and d/dR 
means directional derivative in the radial direction \y — x\~ x (y — x). 

Proof. Just apply the argument of f |SL| . §2.4) to the function £ o w to get 

2-m /" n / t „„,\|2 „2-m /" | nCt„.,M2 o f o2-m I u ) |2 



/ mou)\ 2 -* 2 - m [ \D(tou)\ 2 = 2j R 2 , 



and notice that |Z?„(£ o u)| = |D„tt|. □ 
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Remark 9.1. (1) From above, p 2 m Jgm( x ) |-Du| 2 is an increasing function of 

p for p £ (0, po), and hence the limit as p — > o/ p 2 ~ m \Du\ 2 exists; this 

limit is denoted as Q u (x). It is also easy to see that the density Q u is upper 
semi- continuous on B™(0). 

(2) Another important additional conclusion, which we see by taking the limit 
as a — > in the monotonicity formula, is that J Rm ^ R 2 ~ m \jjj^\ 2 < °o and 




9.2 Definition of Tangent Maps 

Let B™(y) with B™ (y) C B™(0), and for any p > consider the scaled function 
Uj, iP defined by 

u v,p( x ) = u (y + P x )- 

If a > is arbitrary and p < po/c, we have (using Du ViP (x) — p(Du)(y + px), 
and making a change of variable x — y + px in the energy integral of u VjP ) 

a 2 ~ m [ \Du y J 2 - (ap) 2 - m f \Du\ 2 < p 2 - m f \Du\ 2 (1) 

Thus if pj i then ]imsupj_ >00 JJgm^ \Du yiPj \ 2 < oo for each a > 0. Their 
L 2 — norms 

JB- (0) (j/) 

uniformly for p because u(x) £ Q(S" _1 ). 

So we can use Compactness Theorem 4.3 in |ZWlj to get a subsequence py 
such that Uy tP ., — > 99 locally in M m with respect to the ^2— norm, where 
if : R m — > (5(§ n_1 ) is an energy minimizing map, called a tangent map of u at y. 



9.3 Properties of Tangent Maps 

Let pj I be one of the sequences such that the re-scaled maps u VlP . — > ip as 
described above. Since u aiPj . converges in energy to (p, we have, after setting 
p = pj and taking limits on each side of (1) as j ' — » 00, 

^ m / l^l 2 = e u (y). 

,/B™(0) 

Thus in particular, er 2 ~ m / Bm (o) |-CV| 2 is a constant function of a and since by 
definition 0^(0) = lim ff j,o o 2 ~ m / B m( ) l-^Vl 2 ; we have 

Q u (y) = 0„(O) = a 2 -™ / |^| 2 , Va > (2) 

7 B ™(0) 
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Thus any tangent map of u at y has constant scaled energy and equal to the 
density of u at y. 

Furthermore, we apply the monotonicity formula to ip to get 

= a 2 - m f \Dv\ 2 -T 2 - m [ \Dp\ 2 = f ^ m l!|| 2 - 
Jm™(o) Jb™(o) jb™(o)\b™(o) 

So that dif/dR — a.c, and since ip 

€ 3^2 (K m , <9(S" -1 )) it is correct to conclude 
from this, by integration along rays, that 

ip(Xx) = ip(x) VA > 0, x e W n 

Theorem 9.2. y e reg u Q u (y) = 0<S>3a constant tangent map ip ofu at y 

Proof. The first part of the statement is easily obtained from Theorem 8.1. The 
second part comes from (2). □ 

9.4 Properties of Homogeneous Degree Zero Minimizers 

Suppose p : W n — > is a homogeneous degree zero minimizcr. We 

first observe that the density @ v (y) is maximum at y = 0; in fact, by the 
monotonicity formula, for each p > and each y G M m 

where R y (x) = \x-y\ and d/dRy = \x — y\~ 1 (x — y) D. Now B™(y) c B™ +M (0), 
so that 

P 2 -" 1 I \D^\ 2 < p 2 - m ( \D V \ 2 

JM™{y) </B™ . .(0) 

p p+\y\ v ' 

= {i + ^) m - 2 { P +\y\?- m I \d^\ 2 
= (i + ^) m - 2 e v (o) 

Thus letting p f oo, we get 

which establishes the required inequality 

%(v) < %{0). 

Notice also that this argument shows that the equality implies that dip/dRy = 
a.e; that is ip(y + Xx) = ip(y+x) for each A > 0. Since we also have <p(\x) = <p(x) 
we can then compute that for any A > and x <E K m that 

p(x) = <p(\x) = p(y + (Ax - y)) = tp(y + A" 2 (Ax - y)) 
= <p{\{y + A" 2 (Ax - y))) = p(x + ty), 



24 



where t = A — A 1 is an arbitrary real number. So let S(ip) be defined by 

S{<p) = {y G R m : %(y) = 6^(0)}. 

Then we have shown that <p{x) = <p(x + ty) for all x G W n ,t G K, and y G 
>!?(</?) .Then of course ^>(a; + az\ + 62:2) = </?(x) for all a, 6 G M and zi, z 2 G 5(<^). 
But if z G R m and ^(a; + z) = for all a; G R m , then trivially Q v (z) = 

9 v (0)(and hence z G by definition of S(<p)), so we conclude 

S(ip) is a linear subspace of W 71 and <p(x + y) = <p(x), x G R m , y G S'(y>). 

(Thus </? is invariant under the composition with translation by elements of 
S(<p).) Notice of course that 

dim S(tp) = S(tp) = M. m ip = const. 

Also, a homogeneous degree zero map which is not constant clearly can not be 
continuous at 0, so we always have G sing ip if ip is non-constant, and hence, 
since tp(x + z) = ip(x) for any z G S(tp), we have 

S(<p) C s'mgip 

for any non-constant homogeneous degree zero minimizer ip. 

9.5 Further Properties of sing u 

We know 

y G sing u dim S{ip) < n — 1 for every tangent map ip of u at y (3) 
Now for each j = 0, 1, • • -,n — 1 we define 

5j = {y G sing u : dim 5(93) < j for all tangent maps tp of u at y} 
Then we have 

So G Si G • • ■ C S m - 3 = S m -2 = S m -i = sing u. 

To see this first note that Sj—i G Sj is true by definition and S rn -i = sing u 
is just (3). Also, if S m -3 is not equal to both S m -2 and >S m _i, then we can 
find y G sing u at which there is a tangent map ip with dimS l (y) = m — 1 or 
m — 2; but then H m ~ 2 (S(<p)) — 00 and hence (since C sing ip) we have 

H m ~ 2 ( sing (ys) = co, contradicting the fact that 7i m ~ 2 (sing ip) — by Theorem 
8.1. 

Lemma 9.1. For each j — 0, 1, • • -,m — 3,dim5j < j, and, for each a > 0, 
5*0 H {x : Q u (x) — a} is a discrete set. 

Proof. The proof is exactly the same as in |SL| . §3.4 □ 

Corollary 9.1. Let u G ^ 2 (Bf (0), ^(S"" 1 )) be a strictly defined, Dirichlet 
minimizing map. Then it is Holder continuous away from the boundary except 
for a closed subset S C B™(0) such that dim(iS') < m — 3. 

Proof. Combine Lemma 9.1 with the fact that sing(u) = «SVn-3- d 
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